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Abstract 

In this paper, we study the notion of local time and Tanaka formula for the G- 
Brownian motion. Moreover, the joint continuity of the local time of the G-Brownian 
motion is obtained and its quadratic variation is proven. As an application, we gen- 
eralize Ito's formula with respect to the G-Brownian motion to convex functions. 
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1 Introduction 

The objective of the present paper is to study the local time as well as the Tanaka formula 
for the G-Brownian motion in the framework of sublinear expectation spaces. 

Motivated by uncertainty problems, risk measures and superhedging in finance, Peng 
has introduced a new notion of nonlinear expectation, the so-called G-expectation (see 
|14j . |16j . |17j . |19j . |20|). which is associated with the following nonlinear heat equation 

duit.x) ^,.d 2 u(t,x). , , r „ . _ 
K dt ' = G{ g v J J ), (i, x) G [0, oo) x M, 

u(0, x) = <p(x), 

where, for given parameters < a < a, the sublinear function G is defined as follows: 

G(q) = \ { ^ 2 oi Jr - a 2 a~), a£R. 

The G-expectation represents a special case of general nonlinear expectations E which 
importance stems from the fact that they are related to risk measures p in finance by 
the relation ELY] = p(— X), where X runs the class of contingent claims. Although the 
G-expectations represent only a special case, their importance inside the class of nonlinear 
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expectations stems from the stochastic analysis which it allows to develop, in particular, 
such important results as the law of large numbers and the central limit theorem under 
nonlinear expectations, obtained by Peng [15], [18] and [21j . 

Together with the notion of G-expectations Peng also introduced the related G-normal 
distribution and the G-Brownian motion. The G-Brownian motion is a stochastic process 
with stationary and independent increments and its quadratic variation process is, unlike 
the classical case of a linear expectation, a non deterministic process. Based on these both 
processes, an ltd calculus for the G-Brownian motion has been developed recently in [14J, 
PS] and p2] and [ID]. 

The fundamental notion of the local time for the classical Brownian motion has been 
introduced by Levy in [9], and the first to prove its existence was Trotter [24] in 1958. In 
virtue of its various applications in stochastic analysis the notion of local time and the 
related Tanaka formula have been well studied by several authors since then, and it has 
also been extended to other classes of stochastic processes (see e.g., [3] and [22]). 

It should be expected that the notion of local time and the very narrowly related 
Tanaka formula will have the same importance in the still very recent stochastic analysis 
on sublinear expectation spaces. However, unlike the study of the local time for the 
classical Brownian motion, its investigation with respect to the G-Brownian motion meets 
several difficulties: firstly, in contrast to the classical Brownian motion the G-Brownian 
motion is not defined on a given probability space but only on a sublinear expectation 
space. The G-expectation E can be represented as the upper expectation of a subset of 
linear expectations {Ep,P 6 V}, i.e., 

![•] = sup£ P [-], 
PeV 

where P runs a large class of probability measures V, which are mutually singular. Let 
us point out that this is a very common situation in financial models under volatility 
uncertainty (see [I], [5], [II]). Secondly, related with the novelty of the theory of G- 
expectations, there are a lot of tools in the classical ltd calculus which haven't yet been 
translated to the stochastic analysis on G-expectation spaces, among them there is, for 
instance, the dominated convergence theorem. In order to point out the difficulties, in 
section 3, ad hoc definition of the local time for the G-Brownian motion will be given 
independently of the probability measures P G V, and the limits of the classical stochastic 
analysis in the study of this local time will be indicated. 

Our paper is organized as follows: Section 2 introduces the necessary notations and 
preliminaries and it gives a short recall of some elements of the G-stochastic analysis which 
will be used in what follows. In Sections 3, an intuitive approach to the local time shows 
its limits in the frame of the classical stochastic analysis and works out the problems to be 
studied. In Section 4, we define the notion of the local time for the G-Brownian motion 
and prove the related Tanaka formula, which non-trivially generalizes the classical one. 
Moreover, by using Kolmogorov's continuity criterion under the nonlinear expectation the 
existence of a jointly continuous version of the local time is shown. Finally, Section 5 
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investigates the quadratic variation of the local time for the G-Brownian motion, while 
section 6 gives a generalization of the Ito formula for the G-Brownian motion to convex 
functions. 

2 Notations and preliminaries 

In this section, we introduce some notations and preliminaries of the theory of sublinear 
expectations and the related G-stochastic analysis, which will be needed in what follows. 
More details of this section can be found in Peng [T3] , [16] , [T7] , [19] and [5D] . 

Let f2 be a given nonempty set and T~L a linear space of real valued functions defined 
on n such that, 1 G % and \X\ G H, for all X G U. 

Definition 2.1 A Sublinear expectation E on% is a functional E : T-L i— )■ R satisfying 
the following properties: for all X, Y G %, we have 

(i) Monotonicity: If X >Y, then E[X] > E[Y]. 

(ii) Preservation of constants: E[c] = c, for all c G R. 
(Hi) Subadditivity: E[X] — E[Y] < E[X — Y]. 

(iv) Positive homogeneity: E[AX] = AE[X], for all A > 0. 
The triple (0, 7i,E) is called a sublinear expectation space. 

Remark 2.2 Ti is considered as the space of random variables on fi. 

Let us now consider a space of random variables T~L with the additional property of 
stability with respect to bounded and Lipschitz functions. More precisely, we suppose, if 
Xj G H, i = 1, ■ • ■ ,d, then 

<p(X u ■ ■ ■ ,X d ) G H, for all ip G G 6 , Lip (R d ), 

where C^^ipiW 1 ) denotes the space of all bounded and Lipschitz functions on R d . 

Definition 2.3 In a sublinear expectation space (Cl,7i,E), a random vectorY = (Y\, ■ ■ ■ ,Y n ),Yi G 
H, is said to be independent under E from another random vector X = (X\, ■ ■ ■ , X m ),Xi G 
H, if for each test function ip G Cb,ii p (^ m+n ) we have 

E[<p(X,Y)]=E[E[ip(x,Y)] x=x }. 

Definition 2.4 Let X\ and X2 be two n-dimensional random vectors defined respectively 
in the sublinear expectation spaces (rii,%i,Ei) and (^2,^27^2). They are called identi- 
cally distributed, denoted by X\ ~ X2, if 

Ei MXi)] = En[<p(X 2 )], for all ip G C b . Lip (U n ). 
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After the above basic definition we introduce now the central notion of G-normal 
distribution. 

Definition 2.5 (G-normal distribution) Let be given two reals a, a with < a < a. A 
random variable £ in a sublinear expectation space (fi, %,E) is called Gap -normal dis- 
tributed, denoted by £ ~ A/"(0, [a 2 , cf 2 ]), if for each ip G Cb,u p (R), the following function 
defined by 

u(t, x) := E[ip(x + >/*£)], {t, x) G [0, oo) x R, 
is the unique viscosity solution of the following parabolic partial differential equation : 

d t u(t, x) = G{dl x u{t, x)), (t, x) G [0, oo) x R, 
u(0, x) = <p(x). 

Here G = Gap is the following sublinear function parameterized by a and a: 

G{a) = \ {o 2 a + - a 2 a~), a G R 
(Recall that a + = max{0, a} and a~ = — min{0, a}). 

Definition 2.6 A process B = {B t ,t > 0} C % in a sublinear expectation space (f2,%,E) 
is called a G-Brownian motion if the following properties are satisfied: 

(i) B = 0; 

(ii) For each t,s > 0, the difference Bt+ S — Bt is A/"(0, [a? s, a 2 s])- distributed and is 
independent from (B tl B tn ), for all n G N and < t\ < ■ ■ ■ < t n < t. 

Throughout this paper, we let f2 = Co(R + ) be the space of all real valued continuous 
functions (oJt)teR.+ with ujq = 0, equipped with the distance 

oo 

p(uj\u 2 ) = ^2- i [(max \u} - uj 2 \) A lj , uj},uj 2 G SI. 

We denote by B(£l) the Borel cr-algebra on fi. We also set, for each t G [0, oo), fit '■= 
{oj. At ■ w G fl} and F t := B(fl t ). 

Moreover, we will work with the following spaces: 

• L°(f2): the space of all B(Q) -measurable real valued functions on $7; 

• L (Qt): the space of all ,6(r^)-measurable real valued functions on Q; 

• L&(fi) : the space of all bounded elements in L°(fi); 

• Lj,(Q, t ): the space of all bounded elements in L°(fl t ). 
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In |14| . a G-Brownian motion is constructed on a sublinear expectation space (fi, L^(il), E), 
where Lg(Sl) is the Banach space defined as closure of H with respect to the norm 
:= E[|A'|p] 1 /p,1 < p < oo. In this space the coordinate process B t (u) = u t , 
t € [0,oo), w G fi, is a G-Brownian motion. Let us point that the space G{,(0) of the 
bounded continuous functions on is a subset of L^(Jl). Moreover, there exists a weakly 
compact family V of probability measures on (Q,B(Q)) such that 

E[.] = supE P [-]. (1) 



So we can introduce the Choquet capacity 

c(A) : = supP(A), A e B(fi). 

Definition 2.7 A sei j4 C SI is called polar if c(A) = 0. A property is said to hold 
"quasi- surely" (q.s.) if it holds outside a polar set. 

The family of probability measures V allows to characterize the space L^(Q) as follows: 
L^($7) = < X G L (Q) : sup £p[|X| p ] < 00, and X is c-quasi surely continuous >. 

We also introduce the following spaces, for all p > 0, 



£P ■- fx e L°(fi) : E[|X| P ] = sup E p [\X\p] < 00): 
L P g p J 

TV := jx G L°(fi) : X = 0, c-quasi surely (q.s.).} 



Obviously, £ p and TV are linear spaces and jx € L (fi) : E[|X| P ] = o} = TV, for all p > 0. 

We put L p := £ P /J\f. As usual, we won't make here the distinction between classes and 
their representatives. 

The following three propositions can be consulted in [4] and [7] . 

Proposition 2.8 For every monotonically decreasing sequence {X n }^ =1 of nonnegative 
functions in C(,(0) ; which converges to zero q.s. on f2, it holds lim E[X n l = 0. 

Proposition 2.9 For all p > 0, we have 

1. L p is a Banach space with respect to the norm \\X\\ p := ^E[|X| P ]^. 

2. IJq is the completion of C&(Q) with respect to the norm ||-|L- 

We denote by L*(f2) the completion of Lb(£l) with respect to the norm ||-|| . 
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Proposition 2.10 For a given p G (0, +00], let {X n }^ =1 C L p be a sequence converging 
to X in LP. Then there exists a subsequence (X nk ) which converges to X quasi-surely in 
the sense that it converges to X outside a polar set. 

We now recall the definition of quadratic variation process of the G-Brownian motion. 
We use {0 = to < ti ■ ■ ■ < t n = t} to denote a partition of [0, t] such that max{i; + i — £j, < 
i < n — 1} — > 0, asn— > 00. Then quadratic variation process of the G-Brownian motion 
is defined as follows: 

n-1 „t 
(B) t := L 2 G lim Y\B t n At - B t n M ] 2 = B 2 t - 2 / B s dB s . 

n->oo ' — » 1+1 1 / n 

1=0 17 U 

(B) is continuous and increasing outside a polar set. 

In |10j . a generalized ltd integral and a generalized ltd formula with respect to the 
G-Brownian motion are discussed as follows: 

For arbitrarily fixed p > 1 and T € R+, we first consider the following set of step 
processes: 

n-1 

M b , (Q,T) = {r ] :7 lt (u;) = Y,^)Mt ] ,t J+1 )(t),0 = t <--- <t n =T, 

3=0 

£j€L b (£k i ),j = 0r - ,n-l,n>l}. (2) 
Definition 2.11 For an n G M^ (0,T) of the form f/ie related Bochner integral is 



I rn(u})dt = y2t j (u)(t j+1 -t j ). 

Jo 



3=0 

For each r\ G Mb t o(0,T), we set 



„'_n 



j=0 

and we introduce the norm 

rT , i /p 



MIm?(0,T) = (E[ / M P tft]) 



on Mfr i0 (0, T). With respect to this norm, Mfto(0, T) can be continuously extended to a 
Banach space. 

Definition 2.12 For each p > 1, we denote by M%(0,T) the completion of Mt, t o(0,T) 
under the norm 

^ , l /p 



Mno,T) = (nJ Q W\ p dt] 
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Definition 2.13 For every r) G M&^O, T) of the form |J|) 



n-l 



i=0 

the ltd integral 



I{n)= [ T Vs dB s :=J2^(B tj+1 -B 



Lemma 2.14 The mapping I : Mbo(0,T) — > L, 2 (Qt) is a continuous, linear mapping. 
Thus it can be continuously extended to I : M 2 (0, T) — > L^(Ot)- Moreover, for all rj G 
Af?(0,T), we Aave 

E[/ ?7 s d£ s ]=0, (3) 
•/ o 

E[(/ Vs dB s ) 2 ]<a 2 E[[ V 2 ds}. (4) 
jo jo 



Definition 2.15 For each fixed p > 0, we denote by n G M£(0,T) i/ie space of stochastic 
processes n = (f7t)te[o,T] f or which there exists a sequence of increasing stopping times 
{ a m}m=i (which can depend on the process n), with a m f T, quasi-surely, such that 
T7l [0 , ffm] G Af* p (0,T) and 



c( / \r]s\ p ds < oo) = 1. 
JO 



The generalized ltd formula is obtained in |10j . 
Theorem 2.16 Let cp G C 2 (R) and 

X t = X + [ a s ds + [ n s d(B) s + f (3 s dB s , for all t G [0, T], 

JO JO JO 

where a,n in M^(0,T) and j3 G M 2 (Q,T). Then, for each < t < T, we have 



<p{X t ) - (f(X Q ) = / d x ip(X u )f3 u dB u + / d x ip(X u )a u du 
JO jo 

+ J [dMXu)r]u + \^{Xu)Pl]d{B) u . 

Example 2.17 For all ip G C 2 (R) and t > 0, then we have 

<p(B t ) = <p(0) + f ip x {B s )dB s + \ I tp xx (B s )d (B) s . 
jo 1 Jo 
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3 An intuitive approach to the local time 



We consider the G-Brownian motion B. Recall that B is continuous and a P- martingale, 
for all P G V (see {!])), and its quadratic variation process (B) is continuous and increasing 
outside a polar set N . Let us give a definition of the local time of B, which is independent 
of the underlying probability measure P G V . For all a G M, t G [0, T], and u G Q, \ J\f, 



So 2e ^ l (a-e,a+e){B s {uj))d{B) s (uj), Hm— /<[ l (a _ £)a+E )(P s (o;))d(£) s (u;) < oo; 

0, otherwise. 



We now study L a under each probability P G V . For this we consider the stochastic 
integral 

Mf = [ sgn(B s - a)dB s , t G [0,T], (5) 
J o 

under P G V . Indeed, under P the G-Brownian motion is a continuous square integrable 
martingale, so that the above stochastic integral under P is well-defined. We emphasize 
that the process M p is defined only P — a.s. Let L a,p be the local time associated with 
B under P, defined by the relation: 

L t a ' p = \B t -a\- \a\ - M t p , t G [0, T]. 

It is well known that L^ ,P admits a P- modification that is continuous in (t,a), and 

1 f l 

L a t ' P =lim- / l (a _ eia+e) (B s )d(B) s ,P-a.s., t G [0, T], 

Thus, due to the definition of L a , we have 

= Lt' P ,P-a.s,t G [0,T]. 

Consequently, L a is has a continuous P-modification, for all P G P. However, P is not 
dominated by a probability measure. Thus the question, if we can find a continuous mod- 
ification of L a or even a jointly continuous modification of (a, t) i— > under E, i.e., w.r.t 
all P G P, is a nontrivial one which cannot be solved in the frame of the classical stochas- 
tic analysis. The other question which has its own importance is that of the integr ability 
of sgn(B. — a) in the framework of G-expectations. Indeed, in ([5]) we have considered 
the stochastic integral of sgn(B. — a) under P, for each P G P separately. However, the 
main difficulty is that the above family of probability measures is not dominated by one 
of these probability measures. To overcome this difficulty, we shall show that sgn{B. — a) 
belongs to a suitable space of processes integrable w.r.t. to the G-Brownian motion B. It 
should be expected that this space is M2(0,T) (see Definition [2J2]) . This turns out to be 
correct if a > 0, but it is not clear at all in the case of a = 0. For this reason a larger 
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space M^(0, T) (see Definition 14. 1[) is introduced in section 4, and its relationship with 
M^(0,T) is discussed. To get a jointly continuous modification of (a,t) h-> Lf under E 
in the framework of G-expectations, we use, in addition to the integrality of sgn(B. — a) 
w.r.t. to the G-Brownian motion B, an approximation approach which is different from 
the classical method. 

4 Local time and Tanaka formula for the G-Brownian mo- 



The objective of this section is to study the notion of local time and to obtain Tanaka 
formula for the G-Brownian motion. First, we shall generalize Ito integral with respect to 
the G-Brownian motion, which plays an important role in what follows. 
For each n 6 Mjq(0, T), we introduce the norm 



on Mb t o(0,T). With respect to this norm, M& )0 (0,T) can be continuously extended to a 
Banach space. 

Definition 4.1 For each p > 1, we denote by M^(Q, T) the completion of Mf, t o(Q,T) under 
the norm 



Remark 4.2 For every p > 1, it is easy to check that Mf(0,T) C M*(0,T). Moreover, 
if a > 0, then M?(0,T) = Mf(0,T). If a = 0, then we shall show in Remark RT?) that 
M£(0,T) is a strict subset o/M?(0,T). 

For every r/ E Mbo(Q,T), the Ito integral with respect to the G-Brownian motion is 
defined in Definition 12.131 

Lemma 4.3 The mapping I : Mb 5 o(0, T) — > IJI(Qt) is a continuous, linear mapping. 
Thus it can be continuously extended to I : M^(0,T) -4 L^(J7^). Moreover, for all rj G 
M*(0,T), we have 



tion 
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Now we establish the Burkholder-Davis-Gundy inequality for the framework of the 
G-stochastic analysis, which will be needed in what follows. 

Lemma 4.4 For each p > 0, there exists a constant c p > such that 

(i) forall V eM 2 {0,T), 

E[ sup | [\ s dB s \ 2 P] < CpE[( [ T \ 2 s d{B) s f] < a 2p c p E[( f \ 2 s dsf], 

0<t<T Jo JO Jo 

pt -I pT 2p pT 

E[ sup | / rfsdB^} > -E[( / v 2 d(B}s) p ] > / nldsf]- 

0<t<T Jo C p J C p Jq 

(ii) for allr] G M 2 (0,T), 

-E[( f T V 2 s d(B) s r} < E[ sup | f\ s dB s \ 2 P] < c p t[( [ T V 2 s d(B) s n 

Cp Jo 0<t<T Jo Jo 

Proof. We only give the proof of (i), i.e., for 77 G M 2 (0, T). The proof of (ii) is similar. 
Since for each a G Li,(U t ) we have 

E[aJ Vs dB s } = 0, 

then the process j Q r] s dB s is a P-martingale, for all P £ V. Thus from the classical 
Burkholder-Davis-Gundy inequality and the relation 

< (B) t < a 2 t, q.s, 

we have, for all P G V, 

E P [ sup | !\ s dB s \ 2 v] < CpjBp[( [ T ^ d{B ) s f] < W 2 P C pE P [( F rftdsY ], 

0<<<T JO JO JO 

and 

/•t i /-T 2p /-T 

E P [ S np \ Vs dB s \ 2 P]>-E P [( n 2 s d{B) s y]>^E P [( r, 2 s dsf .} 

0<t<T Jo c p Jo C P JO 

We emphasize that the constant c p coming from the classical Burkholder-Davis-Gundy 
inequality, only depends on p but not on the underlaying probability measure P. Conse- 
quently, by taking the supremum over all P G V we have 

E[ sup | \\ s dB s \ 2 *\ < c p E[( [ T r ] 2 d(B) s ) p } < a 2 %E[( C \ 2 s ds) p ], 

0<t<T Jo Jo Jo 

and ^ 

E[ sup | f\ s dB s \ 2 v\ > -E[( f V 2 d(B) s r] > ^E[( [ T V 2 s dsn 

0<t<T Jo c p J C p J 

The proof is complete. ■ 

The following proposition is very important for our approach. 
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Proposition 4.5 For any real a, all 5 > and t > 0, we have 



E[ l [a , a+5] (B s )d(B) s ]<C5. 
Jo 



Moreover, if a > 0, then we also have 



H l [a ,a + S](B s )d S ] < C6. 

Jo 

Here C is a constant which depends on t but not on 5 neither on a. 

Proof. For 5 > 0, we define the C 2 — function tp : R — > R such that ip(0) = 0, |y'(a?)| < 
d^ 1 , x G (oo, a — 5], and 



f 0; 

x — a + 5 



1 



St 



§2' 

x — a — 25 
6~ 3 



if x < a — 5, 

if a — 5 < x < a, 

if a < x < a + 5, 

; if a + 5 < x < a + 26, 
if x > a + 26. 



Then we have < A5~ l and ip"(x) < 6~ 2 . 

By applying the generalized Ito formula for the G-Brownian motion (see Theorem l2.16p 
to tp(Bt), we deduce that 

<p{B t )= I cp'(B s )dB s + l I <p"(B s )d{B) s . 
Jo 1 Jo 

Therefore, 

f l [a , a+s] (B s )d(B) s < 6 2 l\"{B s )d{B) s 
Jo Jo 

= 26 2 <p(B t ) - 25 2 [ <p'(B s )dB s 
Jo 

< 85\B t \ - 25 2 / ip'{B s )dB s . 
Jo 

From the above inequalities and Lemma 12.141 it follows that 

Elf l [a , a+ 8](Bs)d(B) s ] < E[88\B t \- 25 2 !\'(B s )dB s ] 
Jo Jo 

< %5t[\B t \] + 25 2 t[- f ip'(B s )dB s ] 

Jo 
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= 8dE[|Bt|] = CS. 

From Lemma 14.41 we have 

E[ / l [aia+5] (B s )ds) < \t[ f l [a>a+S] (B s )d(B) s ] < C5. 
Jo H- Jo 

The proof is complete. ■ 

From the above proposition and Lemma l4.4l we can derive interesting results as follows: 



Corollary 4.6 For any real number a and t > 0, we have 

[ l {a} (B s )d(B) s = 0, q.s. 
Jo 



Moreover, if a > 0, then we have 

-t 



[ 1 {a}i B s)ds = 0, q.s. 
Jo 



Remark 4.7 If a = 0, then for every p > 1, Mf(0, T) is a strict subset of M*(0, T). In 
fact, by the above corollary we have, for any e S (0,T), 



E{[ -l {Bs=0} d(B) s ] < E[f -l {Bs=0} d(B) s }+K[[ £ -l {Bs=0} d(B), 

Jo s Je s Jo s 

< -E[f l {Bs=0} d(B) s ]+E[f £ -l {Bs=0} d(B) t 
£ Jo Jo s 

= E[[ £ -l {Bs=0} d(B) s }. 
Jo s 



Letting e ! we have 



K[[ -l {B .=o}d{B) B ] = 0, 
Jo s 



1 



Ef 



i.e., { — l{s s= o} } se [g x] can ^ e a PP rox i ma ^y by w.r.t. the norm in Mf(0,T), and so it 
belongs to M*(0,T). On the other hand, 

f T 1 f T 1 

q/ -l {Bs =o}ds] = supE P [ -l {f s sdWs=0} ds] 
Jo s ueA Jo s u 

-ds = +oo, 
s 

where W is a P-Brownian motion, 

A := {u : u is a T% — adapted process such that < u < W}, 
J~t := cr{B s ,0 < s < t} V J\f, M is the collection of P -null sets, 

Therefore, { — l{B s =o}} se [ 0iT] can not belong to Mj?(0,T). 
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The following lemma will play an important role in what follows and its proof will be 
given after Theorem 14.91 



Lemma 4.8 For each a G R, the process sgn(B. — a) E M*(0,T). 

Now we can state Tanaka formula for the G-Brownian motion as follows. For this we 
denote 

' 1; x > 0, 
sgn(x) = ^ 0; x = 0, 
-1; x < 0. 



Theorem 4.9 For any real number a and all t > 0, we have 

\B t — a\ = \a\ + / sgn(B s - a)dB s + L", 
Jo 

where 

1 /"* 

L? = lim — / l {a _ Eja+e) (B s )d(B) s , (lim^nL 2 ), 
and L a is an increasing process. 

L a is called the local time for G-Brownian motion at a. 

Proof. Without loss of generality, we assume that a = 0. Let us define n E C c 
putting 



by 



rj(x) 



C exp 
0; 



1 



I 2 - 1 



; if \x\ < l, 
i/ b| > 1, 



where C is the positive constant satisfying f R rj(x)dx = 1. 
For every n E N, we put 

77 n (x) := nrj{nx),x E R. 

Then 7? n E C°°(R) and f R r] n (x)dx = 1. 
For any e > 0, we set 



-(e + —); i/|a;|<e, 
|ar|; if \x\ > e. 



Then, obviously 



<p' £ (x) = < 



< x -t i i ^ 

-; if f < e > 

e 

1; i/ x > e, 

s -1; i/ x < -e, 
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and 

r 1 



(ip" is not denned at — e and s). 



-; if \x\ < s, 

e 

0; if \x\ > e 



Let us still introduce ip n := (p £ * %, i.e., 

^n(^) = / Vn(x - y)(p e (y)dy,x £ 



Then p n (a:) E C°°(R), < ^ < -, <p n ->• (/? £ ,</4 ->■ <p' £ uniformly in R, and tp" -)■ 

pointwise (except at e and — e), as n — > oo. 

By applying the generalized ltd formula for the G-Brownian motion (see Theorem l2.16p 
to ip n (B t ), we deduce that 



<p n (B t ) = ^ n (0) + l\' n {B s )dB s + \ f\'^B s )d{B) 
Jo z Jo 

From (p n —> ip e ,ip' n —> ip' e , uniformly in R, it follows that 

<p n (B t ) -> ¥» e (St), (f n (0) -> </> e (0), 



and 



in L 2 , as n oo. 
Setting 



/ ip' n {B s )dB s ^ [ ip' £ {B s )dB s 
Jo Jo 



A n ,e ■= (-s , -e + -) M(e ,£ + -), 

n n w n n 

a ,„// 



we observe that tp n = <p e on A c n £ . 
From Corollary 14.61 we know that 



/ \ { ^ £} {B s )d{B) s = 0, q.s. 
Jo 



Let us put (p"(x) = 0, x = ±e. 

1 2 

Since < 99" < -, we have |^ — (p £ \ < - on A n>£ . Therefore, we have 

E[| l\l(B s )d{B) s - j ip"(B s )d(B) s \] 
Jo Jo 

< E[f \<p»(B a )-rt(B 8 )\d(B) 8 ] 
Jo 



(6) 
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< h[f l An jB s )d(B) s ] 
£ Jo 

< h[[ l ( _^ K _ £+ i ) (B s )d(B) s ] + -E[[ l (£ _i ^(BjdiB),] 
£ Jo ™ ™ £ Jo n n 

From Proposition 14,51 we conclude that 

E[| l\n(B s )d{B) s - f t <p'>(B s )d(B) s \]< — ^0, asn^oo. 
Jo Jo £n 

Therefore, letting n — > oo in (jBJ), we conclude that 

<p e (B t ) = \ e + £ v' e (B s )dB s + ±-J* h-e,e){B s )d{B) s . 

From the definition of ip e it follows that 

t[{<p £ {B t )-\B t \f] 
< E[(cp £ (B t ) - |-Bt|) 2 l|^[> c ] + HipeW - |^|) 2 l| Bt |< £ ] 

l \Bt\< 

By virtue of Lemma 14.41 we know that 

E[| f v' £ {B s )dB s - [ sgn(B s )dB sl 
Jo Jo 

< CE[[ (v' £ {B s )-sgn(B s )fd(B) s ) 



E[(tp e (Bt) - \B t \) 2 l ]Btl<£ ] < e 2 ^ 0, as e -> 0. 



< CE[ l ( ^ £) (B s )d{B) s }, 
Jo 

and Proposition 14.51 allows to conclude that 

E[| I ip' £ (B s )dB s - [ sgn(B s )dB s \ 2 } -> 0, as e ^ 0. 
Jo Jo 

Finally, from equation (|7|) it follows that 



\B t \ = [ sgn(B s )dB s + L° t . 
Jo 



(7) 



The proof is complete. ■ 

The proof of Lemma 14. 8t Now we prove that sgn(B.) € M%(0,T). Let vr = {0 

n-l 

to < ti ■ ■ ■ < t n = T}, n > 1, be a partition of [0, T] and B™ = ^ Bt^H- t +i)(t)- Then 

E[A^(^)-^(^)) 2 ^) S ] 



15 



1 f 

< -^E[ / (B a - B™) 2 d(B) s ] -)■ 0, asn^oo. 
Jo 

Since ^ — > <p' s , uniformly in R, we have 

E[ / (^(B s ) - v?;(£y) 2 d(£) s ] 0, as n -> oo. 

JO 

By virtue of Proposition 14.51 we know that 

E[A^(i? s )- SO n(i? s )) 2 d(S) s ] 
JO 

< CE[/ l/ es )(B a )d(B) a ] -»• 0, as e -> 0. 
Consequently, from the above estimates 

lim E[ [ (sgn(B s ) - ip' n (B^)) 2 d(B) s ] -> 0, as e 0. 

Remark 4.10 Similar to the proof of the above theorem, we can obtain >a y £ M 2 (0, T) 
and l {B _< a} eM 2 (0,T). 

Remark 4.11 In analogy to Theorem \4-9[ we obtain two other forms of Tanaka formula: 



and 



(B t - a) + = (-o)+ + J l {Bs >a}dB s + ^ 
(Bt - a)' = (-a)- + J* l {Bs < a} dB s + h?. 



In [I], Denis, Hu and Peng obtained an extension of Kolmogorov continuity criterion 
to the framework of nonlinear expectation spaces. It will be needed for the study of joint 
continuity of local time for the G-Brownian motion Lf in (t,a). 

Lemma 4.12 Let d > 1, p > and (^)tg[o,T] d — ^ P be suc h that there exists positive 
constants C and e > such that 

E[\X t -X s \ p ] < C\t-s\ d+e , for allt,se [0,T]. 

Then the field (^t)t e [o,T] d admits a continuous modification (X) te ^ ^ d [i.e. X t = X t , q.s., 
for all t 6 [0, T]) such that 



E 



\t - S\ a 



< +oo, 



for every a G [0,e/p[. As a consequence, paths of X are quasi-surely Holder continuous of 
order a, for every a < e/p. 
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We will show that the local time for the G-Brownian motion has a jointly continuous 
modification. For the classical case, we refer to [2], [8] and [23]. For the proof we use an 
approximation method here, which is different from the classical case. 

Theorem 4.13 For all t £ [0, T], then there exists a jointly continuous modification of 
(a,t) i — y L". Moreover, (a,t) i— > is Holder continuous of order 7 for all 7 < ^. 

Proof. From Lemma 14.41 we know that, for all s, t > and a, b € K, 

E[(|5 t - a\ - \B S - a\fP] 

< C p E[(\ B t-B s \ 2p ] + C p \a-b\ 2 P 

< C p \t - s\ p + \a - b\ 2p (8) 

The constant C p only depends on p. By choosing p > 2, we see from the generalized 
Kolmogorov continuity criterion (see Lemma 14. 12 j) that \Bt — a\ has a jointly continuous 
modification in (a,t). 

Let us now prove that also the integral sgn(B s — a)dB s has a jointly continuous 
modification. For this end we let 5 > and p > 0. Then 



E[| I sgn{B s -a)dB s - ! sgn(B s - a - 5)dB s \ 2p ] 
Jo Jo 

<2 2 ?tl\ f l [a , a+5] {B s )dB s \ 2 % 
Jo 



and from Lemma 14.41 it follows that 



E[| / sgn{B s -a)dB s - I sgn(B s - a - S)dB s \ 2p ] 
Jo Jo 

<C P E[\ [ l [a;a+s] (B s )d(B) s n (9) 
Jo 

We denote <p the same as in the proof of Proposition 14.51 By applying the generalized 
Ito formula for the G-Brownian motion (see Theorem 12. 16p to ip(Bt), we deduce that 

<p(B t )= !\'{B s )dB s + \ f\"{B s )d{B) s . 
Jo 1 Jo 

Therefore, 

f l [a , a+5 }(B s )d(B) s < 5 2 f <p"{B s )d(B) s 
Jo 

= 26 2 <p(B t ) - 25 2 [ <p'(B s )dB s 
Jo 
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< 85\B t \ + 25 2 \ I ip'{B s )dB s \. 
Jo 



(10) 



Hereafter, C p may be different from line to line, but only dependents on p. From the 
inequalities ([9]), (llQf) and Lemma 14.41 it follows that 



E[| f sgn{B s -a)dB s - I sgn(B s - a - 5)dB s \ 2p ] 
Jo Jo 

< C p E[(8S\B t \ + 25 2 \ [ y'{B s )dB s \f] 

Jo 

< C p 6m[\B t \P] + C p 5 2 P&[\ [ ^\B s )dB s \P] 

Jo 

< C p 5 p E[\B t \ p ] + C p 5 2p E[( l\<p'{B s )) 2 d{B) s )l] 

Jo 



< C p 5 p E[\B t \ p ] + C p 5 p E[{B) 

< C p 5 p E[\B T \ p ] + C p 5 p E[{B)] 
= C p 5 p . (11) 



Therefore, for all < r < t 



2/n 



E[\ / sgn(B s - a)dB s - \ sgn(B s -a- 5)dB s \ 2p ] 
Jo Jo 

< C p E[\ sgn(B s - a)dB s - sgn(B s - a - 5)dB s \ 

Jo Jo 

+C P E[\ [ sgn(B s - a)dB s \ 2p ] 

J r 

< C p 5 p + C P E[( [\sgn(B s - a) 2 d(B) s ) p ] 

J r 

< C p 5 p + C p \t-r\ p . (12) 

We choose p > 2, then by the generalized Kolmogorov continuity criterion (Lemma 14. 12p . 
we obtain the existence of a jointly continuous modification of (a,t) i— > Lf. The proof is 
complete. ■ 

Corollary 4.14 For all t G [0,T],a G R, we have 
/ sgn(B s - a)dB s , / 1 

[a,oo) 

(B s )dB s , / 1 ( 

— oo,a) 

(B s )dB s 

Jo Jo Jo 

have a jointly continuous modification. 
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5 Quadratic variation of local time for the G-Brownian mo- 
tion 

The objective of this section is to study the quadratic variation of the local time for the 
G-Brownian motion. For this end, we begin with the following Lemma: 

Lemma 5.1 If f : R — > [0, oo) is a continuous function with compact support, then, for 
all t > 0, we have 

J f{a)(^j sgn(B s -a)dB^jda = J (J f(a)sgn(B s -a)da?jdB s ,q.s., 



and 



f{a)( K f\ [a , oo) {B s )dB s y a = J (J°° f(a)l M (B s )d a yB s ,q.s. 

Proof. We only prove the fist inequality, the second inequality can be proved in the 
similar way. Without loss of generality we can assume that / has its support in [0,1]. Let 

2 n — 1 

Vnix) = 22 —f(—)sgn(x - —),x € R, n > 1. 

fc=0 

Then 

/ ip n (B s )dB s = Y, 2^/(~) / S 9<B S - -)dB s . 
Jo fc=0 Jo 

By the proof Theorem 14 . 1 3 1 we know that the integral sgn(B s — a)dB s is jointly contin- 
uous in (a, t). Therefore, 

/ ( / f(a)sgn{B s -a)dB s )da= lim / ip n (B s )dB s , q.s. (13) 
Jo Wo 1 n ^°°Jo 

From Lemma 14.41 and the convergence of <fi n (x) to f f(a)sgn(x — a)da, uniformly w.r.t 
x € R, we obtain 

ft rt , ri 



E[\f <p n (B s )dB s - (J f(a)sgn{B s -a)dayB s \ 2 ] 
< CE[J^ (ip n (B a )- j f{a)sgn{B s -a)do}j 2 ds\ 



0, as n — > oo. 



19 



Using Proposition 12, 101 we can deduce the existence of a subsequence {^>n k }kLi such that 

/ ( / f(a)sgn(B s - a)da)dB s = lim / ip nk (B s )dB s , q.s. (14) 
Jo Wo y fe^ooJo 

Finally, the relations f)13|) and (|14p yield 

y f( a )(J sgn(B s - a)dB s ^jda = J f(a)sgn(B s - a)dajdB s , q.s. 

The proof is complete. ■ 

We now establish an occupation time formula. For the classical case, we refer to [2], 
[8] and [23]. 

Theorem 5.2 For all t > and all reals a <b, we have 

ft r b 



[ l (ajb) (B s )d{B) s = [ L'tdx, q.s. 

JO J a 



Proof. Put Lp X)£ (y) := f £ (y — x), where ip £ is the function in the proof of Theorem 14.9 
In analogy to inequality ([7]) we have 



<PxA B t) = l Px,e( B o)+ [ t P , x t e{ B s)dB s + — I l {x _ £ ^ x+e) {B s )d(B) t 

Jo l£ Jo 

where 

1 f x+e 

VxA z ) = ~ l [y,oo){z)dy - 1. 



(15) 



Thanks to Lemma 15. 11 we have 

ft i ft fX+e 



pt 1 pt pX~\-e 

/ <pf (B a )dB a = - l [y>oo) (B s )dydB s -B t 

Jo £ Jo Jx-e 

= - l [yt00) (B s )dB s dy - Bt 

£ Jx-e Jo 



rx+e ft 
'x-e JO 

Therefore, by equality (I15p we have 

"b . i rx+e ft 



po i px+e pt 

\ (<p x 4B t ) - <p X)£ (B ) - - / '/ l [yt0o) (B s )dB s dy + B t 

J a v £ Jx-e Jo 



dx 



2s 



b pt 

/ l {x _ £jX+£ )(B s )d{B) s dx. (16) 

a Jo 



According to Corollary 14. 14\ we obtain that 

rx+e rt 



lim f (tpx,e( B t) - <Px,e( B o) - ~ [ [ 1 [ y ,o )( B s)dB s dy + B t )dx 

e l° J a V £ Jx-e Jo ' 
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J (\Bt-x\-\x\-2j l [x>oo) (B s )dB s + B^dx 



b ' f* \ 

B t — x\ — \x\ — / sgn{B s — x)dB s )dx, q.s. (17) 



For z £ M, we have 
rb 



If 11 

So 2e J l (^-e,x+e){z)dx = \ a , b )(z) + -l{ a }(z) + -1{6}(*)- 



Therefore, 

r-t 



U ^^T f I l(x-e,x+e)(B s )d(B) s dx 

sio ze j a j 

= li ^^7 f f l(x-e,x+e)(B s )dxd(B) s 
e±0 Z£ Jq J a 

= [ l {ajb) (B s )d(B) s + l [ l {aM (B s )d(B) s , q.s. (18) 
Jo z Jo 



b / 

5 t — x\ — \x\ 



(19) 



From Corollary 14.61 we know that 

f l {aM (B s )d(B) s =0, q.s. 
Jo 

Consequently, from (SB]), fl2ZJ), ® and flU} it follows that 

y sgn(B s - x)dB^jdx = j l^ b) (B s )d(B) s , q.s. 
Finally, thanks to Theorem 14.91 we have 

/ L x t dx= f l {aM) (B s )d(B) s , q.s. 

Ja Jo 

The proof is complete. ■ 

We now study the quadratic variation of the local time for the G-Brownian motion. 
For simplicity, we denote, for t > and 

Y t x = [ sgn(B s - x)dB s , 
Jo 

Nf = \B t -x\- \x\. 



Then, from Theorem 14.91 we have 



L% = Nf - Yf. 



We first give the following lemma, which is an immediate consequence of the proof of 
Theorem 14.131 
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Lemma 5.3 For every p > 1, there exists a constant C = C(p) > such that 

E[\N?-Ny\v]<C(\x-y\P + \t-s\ P 2), 

E[\Y?-Y t y\i>}<C\x-y\ E 2, 
for all t,s G [0, T] and x, y G M.. 

Now we give the main result in this section. 



purl il ions of rr,, — -j a'' — a + — -, i = 0, 1, • • • , 2 n },n > 1, o/ t/ie interval of [a, b] the 



Theorem 5.4 Let a > 0. T/ien /or all p > 1 and a < b, we have along the sequence of 

partitions of n n = {a™ 
following convergence 

lim V (Lf +1 - Lf ) 2 = 4 / L*dx, in L p , 

n— >oo ^ — ' /„ 

i=0 Ja 



2 n -l 



uniformly with respect to t G [0, T]. 

Proof. By applying the generalized ltd formula for the G-Brownian motion (cf. Theorem 
I2.16P we obtain 

2 n -l r b 



5>f--Lf) 2 - 4 / Lfdx 
t=o • 7a 

2"-l „ 6 

£ - - Y t a ^ + Y? f-A L*dx 

2"-l 

x — / n n n n r, n n n n n n ri n 

J2 - N? f - 2(<* +1 - N? ){Y^ - If ) 

i=0 
i=0 

+4 /'(y^'-y^i^^j^j^H f i KK+i) {B s )d(B) s ) -4 / 6 l? 

io JO ' Ja 
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Thus, thanks to Theorem 1 5. 2 1 we get 



2 n — 1 J 

^(L^-Lff-Af L*dx 
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= E - ) 2 - 2 E - - *r ) 

2=0 1=0 

+4E / (^ +1 -^ ar )l(a«,a ?+1 )(^)^s. (20) 
i=0 ^° 

Then, from Lemma 15.31 and the subadditivity of the sublinear expectation E[-] it follows 
that 

2 n -l 2 n -l 

E[( E " Nf) 2 ) P ] < 2 n(p_1) E ^(JV?* 1 " N ?) 2P ] 

8=0 1=0 

< c , 2 n (p- 1 )2 n 2- 2np = C2~ np . (21) 

Moreover, by virtue of Lemma 15.31 the subadditivity of the sublinear expectation E[-] 
and Holder inequality for the sublinear expectation (see |17| ) we can estimate the second 
term at the right hand of (|20p as follows: 

2 n -l 



j=0 

2 ra -l 

< 2^) E E[|(< r+1 - - Y t a ")\?} 

i=0 

2 n -l i 

< 2 n ( p - 1 ) E (e[| ^ a " +1 - | 2p ]) 2 (E[|if ™ +1 - \ 2p ] 

i=0 

< C^~ 1 ^2 n 2- np 2~^ p = C2~^ . (22) 



Here, for the latter estimate we have used Lemma [ 

Finally, let us estimate the third term at the right hand of (|20p . Using again the 
subadditivity of the sublinear expectation E[-] and Holder inequality for the sublinear 
expectation as well as Lemma 14.41 we have 

.2"-i ^ 



^(E / (Y t a?+1 -Y t a ")l KK+i) (B s )dB s ) P ] 
i=0 Jo 



< CE[(/ (E«° r+1 -^)l«,a ?+1 )(^)) 2 ^ 
"'° »=o 



< CE[/ (El^ a?+1 -^° ? |l( a?> a ?+1 )(B S )) P ^] 
Jo i=0 
/•i 2 n -l 

= ce[/ Ei y t ?+1 -t ? ri(^ ? +1 )(^)&] 

■ r\ 
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< C]T (t[l*\Y^ l -Yf\^ds]) h (t[ f l KK+i) {B s )ds])\ 

■ n " 



»=o 

Consequently, thanks to Lemma 15.31 and Proposition 14.51 we have 

,2"-! rf 

A) 



2" — 1 ^ 

/ (^ <+1 -^ r ) 1 K,a ?+1 )(^)^) P] 

8=0 ^° 

n n(p—l) 

< C2 n 2-^2-i = C2~^i-^. (23) 



Finally, by substituting the estimates (|21j) . (|22|) and (|23j) for the right hand of (|20|) . we 
obtain 

E[( 2 ^ 1 (L^ 1 -L^) 2 -4 / b L^) P ] 
i=0 ^ a 

< C7(2" np + 2~ir + 2"^^) 0, as n -> oo, 
uniformly with respect to £ £ [0, T]. The proof is complete. ■ 

6 A generalized Ito formula for convex functions 

In this section, our objective is to obtain a generalization of Ito's formula for the G- 
Brownian motion with help of the just proven Tanaka formula for the G-Brownian motion. 

Given a convex function / : R — > R, we associate with the measure \i on B(M) which 
is defined as follows: 

/j,[a, b) = f-(b) — /1(a), for all a < b. 
Then, for tp £ Cj^-(R), we have 

tp"(x)f(x)dx = / cp(x)n(dx). 



This relation allows to identify the generalized second derivative of / with the measure //. 
Now we establish the main result in this section. 

Theorem 6.1 Let f : R — > R be a convex function and assume that its right derivative 
f + is bounded and f_(B.) £ M%(0,T). Then, for all t > 0, 

rt roo 

f(B t ) = /(0) + / fUB s )dB s + / L?f"{da), 

JO J -oo 

where f" = ji is the measure introduced above. 
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Before giving the proof of Theorem 16.11 we establish the following lemmas, which will 
be needed later. 

Lemma 6.2 If f : M — > [0,oo) is a convex function and if £ C^(M), then for all t > 0, we 
have 



/OO f*~€ PL /* OO 

(/ v(B s -a)dB s )f"(da)= (/ cp(B s - a)f" \da))dB s . 
- oo "0 J J — oo 

Proof. We put 

$(x) = / <p(y)dy,x el. 
Jo 

Then, by applying the generalized Ito formula for the G-Brownian motion (cf. Theorem 
I2.16P to $(B t - a), we deduce that 



- a) = $(-a) + f <p(B s - a)dB s + ~ f <p'{B s 
Jo * Jo 



a)d{B) s . 



Therefore, 

f OO , ft 



2 

Let 



<p(B s -a)dB s )f"(da) 

00 x JO J 

/OO POO -1 roc pt . 

- a)/" (da) - $(-a) / /"(da) - - / ( y>'(B s - a)d (B) s ) f"(da) 
-oo i-oo z J-oo K JO J 

/oo roo 
Q(B t - a)f"(da) - <D(-a) / f"(da) 
-oo «/ — OO 

1 pi p oo 

- / ( / v'{B s -a)f"{da))d(B) s . (24) 



N ./-oo 



g(x) = $(x - a)f"{da). 



Then, using again the generalized Ito formula for the G-Brownian motion (see Theorem 
I2.16P to g(B t ), we deduce that 

g(B t ) = g(0)+ f g \B s )dB s + \ f g"{B s )d{B) s . 
Jo z Jo 



Consequently, 



PL P OO P OO poo 

/'(/ ip(B s -a)f"(da))dB s = / <S>(B t - a)f"{da) - <5>{-a) f"{da) 

JO J— oo J —oo J —oo 
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\J (J%'(B s -a)f"(da))d(B) s . (25) 



2 

Finally, (|24|) and (|25p allow to conclude that 

/oo /*i /* oo 

( jf <^(B S - a)dB s )f"{da) = J o (j V{B S - a)f"{da))dB s . 

The proof is complete. ■ 

Lemma 6.3 If f : R — > [0, oo) is a convex function and its right derivative f' + is bounded, 
then for all t > 0, we have 

/oo f*tj /*co 
f y j^sgn{B s -a)dB s )f"(da) = J (j sgn(B s - a)f"{daj)dB s ,q.s. 

Proof. For e > 0, we define C 1 — function ip £ : R — >■ R such that |y? e | < 1, and 

- { " ; v : l r 

Then, we have |</? £ (x) — sgn(x)\ < 21(_ £j£ )(x), for x G R. From Lemma 16.21 we have 

/oo /*i /* oo 

( jf ^ e (-B a - a)dB s )f"{da) = J (j <p £ (B s - a)f"{da))dB s . 

From Lemma 14.41 and Proposition 14.51 it then follows that 

/* OO f*~t/ /* OO 

E[| J ( J ip £ (B s - a)f"(da))dB s ~ J (j sgn(B s - a)f"{da))dB s \] 

< t[ff ^ <p e (B.-a)f"(da) - ^ sgn(B s -a)f"(da)) 2 d(B) s } l 2 

JO W-oo J -oo J 

< E[J ( J°° \<p s {B a - a) - sgn{B s - a)\f" '(da))' 'd(B) J* 

< CR[J* ( |" l { - £ , e} (B s - a)f"{da)) 2 d(B) s ^ 

aoo i p oo /'i l 

^ f"(da)) h-e,e}{B s - a)d (B) s ]f"{da)) 3 

i r 00 

< Ce2 / /"(da) 0, as e -»• 0, 

«/ — oo 



and 



/oo /* oo 

( ^ ^(S s - a)dB s )f"(da) - J ( jf S5 n(5 fl - a)dB s )f"{da) 



-oo JO J — oo JO 
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< J°°mJ (ve(B s -a)-sgn{B s -a))dB s \]f(da) 

< y°° E[| (ip £ {B s -a)- sgn(B s - a)) 2 d{B) s \}^f"(da) 

/OO ft 
E[ l { _ £t£} {B s -a)d{B) s \\f"{da) 
oo J0 

i r 00 

< Ce* / f"(da) -)> 0, as £ -»• 0, 

J — oo 

Consequently, 

/oo /*i /* oo 

( jf S5 n(,B s - a)dB^f'\da) = J (j sgn(B s - a)f"{daj)dB a ,q.s. 

The proof is complete. ■ 

Now we give the proof of Theorem 16.11 
Proof. Since the function f' + is bounded, the measure /" has its support in a compact 
interval I. From Section 3 in Appendix in [23], we know that 



f(x) = ^ J \x -a\f"(a)da + a I x + (26) 
where aj and flj are constants. Moreover, for all x outside of a countable set T in R, 

/-(x) = 5 y 8<7n(* - o)|/"(da) + «/• (27) 



However, due to Corollary 14.61 

I l T {B s )d(B) s = 0, q.s.,t>0. 
Jo 



Consequently, thanks to the equalities (l26j) and (j27l) . for all t > 0, we have 

/(£*) = ^J\B t - a\f"(da) + aj Bt + fa, q.s., (28) 



and 



f'-(Bt) = \l s 9n(Bt ~ a)\f"(da) + a h q.s. (29) 
On the other hand, from Theorem 14.91 and equality (|28p we deduce that 
f(B t ) = ] -J^(\ a \+f\gn{B s -a)dB s + L^f{da) + a I B t + l5 I 
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= /(o) + \J(J S9n{Bs " °) di?s ) /,/(da) + \ I WW + Q/jB *- 

Finally, thanks to Lemma 16.31 and equality (|29j) , we have 

f(B t ) = /(0) + \J (J s 9n{B s - a)f"{da)) dB s + ^f^ L a t f"(da) + ajB t 
= f(°) + l f-{B s )dB s + jL a t f"{da). 
The proof is complete. ■ 
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